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A general formalism for calculating the Radiative Heat Transfer in many body systems with anisotropic
component is presented. Our scheme extends the theory of radiative heat transfer in isotropic many body
systems to anisotropic cases. In addition, the radiative heating of the particles by the thermal bath is taken
into account in our formula. It is shown that the radiative heat exchange (HE) between anisotropic particles
and their radiative cooling/heating (RCH) could be enhanced several order of magnitude than that of isotropic
particles. Furthermore, we demonstrate that both the HE and RCH can be tuned dramatically by particles
relative orientation in many body systems.
Nanoscale novel devices have raised the demand for
thermal characterization that is critical for device per-
formance and durability. Recent years have seen a rapid
growth of interest by scientists in the field of Radiative
Heat Transfer (RHT) in nanoscale systems. Theoretical
predictions confirmed by experiments have shown that
the RHT increases strongly when the distance separat-
ing the particles become smaller than the thermal wave-
length1–6. In spite of the great successes of the well-
known blackbody radiation formula for RHT at thermal
equilibrium, it is only an approximation when we are
dealing with non-equilibrium systems. Moreover, such
an approximation is reasonable for far apart particles
and strongly deviate from the true behavior when they
are structured on nanometre scales at which the contribu-
tion of evanescent modes are dominate. The Fluctuation-
Dissipation Theorem is of relevance for the understand-
ing of fluctuating fields near nanoscale particles and RHT
at nanoscale distances7. Over the past few years, this ap-
proach has been successfully applied to a variety of con-
figurations to calculate the heat exchange (HE)8–12. The
capability and applicability of all these promising stud-
ies can be largely enhanced if some degree of tunability
is added to break the spatial and/or orientational sym-
metry in the system11,13. Recently, several studies have
been performed on the possibility of controlling the RHT
in nanoscale using these factors14–19. This property can
be used for the design of innovative structures to manage
the RHT for practical application such as thermophoto-
voltaic device20–22 and thermal sensing23–26.
In this paper, we present a general formalism for the
RHT in a many-body system with anisotropic particles.
The system consists of a finite number of anisotropic
particles positioned at ri inside a thermal bath which
is maintained at temperature Tb. We wish to obtain a
general expression for the HE between these particles (as
well as the heat flow between the particles and the bath)
when they are maintained at different temperatures Ti.
a)Electronic mail: mnik@znu.ac.ir
The problem becomes essentially one of determining the
amount of power which is dissipated inside each parti-
cle by the fluctuating fields, results in RCH of the parti-
cles. In general, the RCH of each particle contains contri-
butions from fluctuating fields generated by itself, other
particles and the thermal bath. A unique feature of the
letter is its emphasis on the tunability of the HE be-
tween anisotropic particles by taking into consideration
particle-bath heat transfer and many body collective ef-
fects. Although we explore the results for the special case
of an ellipsoidal nanoparticles, this formalism opens up a
powerful route to explore the heat flow in many body sys-
tems with arbitrary shaped (and/or polarizability tensor)
objects, which may ultimately have a profound impact
upon nanoscale devices.
The local electric field for an arbitrarily oriented par-
ticle, located at ri in the system, is determined by
27
Ei = E
b
i + (k
2/ǫ0)
N∑
j=1
GˆijPj , (1)
where Ebi is the fluctuating field of the bath, Gˆi6=j corre-
sponds to the Green’s dyadic in free space, Gˆii = Gˆ0 =
i k6pi 1ˆ, k = ω/c, and particles are taken to be non-polar
and non-magnetic. This equation takes an elegant form
when written in matrix form,


E1
...
EN

 =


E
b
1
...
E
b
N

+(k2/ǫ0)


Gˆ0 Gˆ12 · · · Gˆ1N
Gˆ21 Gˆ0 · · · Gˆ2N
...
...
. . .
...
GˆN1 GˆN2 · · · Gˆ0




P1
...
PN

 ,
(2)
which allows for a compact notation
~E = ~Eb + (k2/ǫ0)Gˆ~P. (3)
Since we are dealing with particles (fluctuating dipoles)
in a thermal bath, the total electric dipole moment of
each particle due to radiative interaction with other par-
ticles and the bath can be written as
Pi = P
ind
i +P
fluc
i . (4)
2Here, the induced dipole moment Pindi of the ith particle
(with polarizability tensor αˆi) is connected to the local
field through the relation
P
ind
i = ǫ0αˆiE
b
i + k
2αˆi
N∑
j 6=i
GˆijPj . (5)
Using Eqs. (4) and (5), the equation for ~P in more com-
pact form is
~P = ~Pfluc + ǫ0αˆ~E
b + k2αˆWˆ~P, (6)
In analogy with Gˆ, Wˆ is 3N × 3N block matrix with 0ˆ’s
along the diagonal and αˆ is a block diagonal matrix with
αˆi at the ith block on the diagonal line. Finally, solv-
ing for ~P from Eq. (6) and then inserting the resultant
expression in Eq. (3), yields
~P= Aˆ~Pfluc + Bˆ~Eb, (7a)
~E= Cˆ~Pfluc + Dˆ~Eb, (7b)
where
Aˆ = (ˆI− k2αˆWˆ)−1 , Bˆ = ǫ0Aˆαˆ,
Cˆ = (k2/ǫ0)GˆAˆ , Dˆ = Iˆ+ k
2
GˆAˆαˆ. (8)
and Iˆ is a 3N×3N identity operator. The dipole moment
Pi of the ith particle interact with the local fields Ei such
that the total power dissipated in it is given by
Pi = 〈E
∗
i (t) · P˙i(t)〉 = 2
∫ ∞
0
ω
dω
4π2
Im
[
〈E∗i (ω) ·Pi(ω)〉
]
.(9)
According to fluctuation electrodynamics7
〈P ∗flucj′,β′ · P
fluc
j,β 〉 = 2π~ǫ0δjj′ [
1
2
+ n(ω, Tj)]Im(χˆj,ββ′), (10a)
〈E∗bj′,β′ · E
b
j,β〉 = 2π~(
k2
ǫ0
)[
1
2
+ n(ω, Tb)]Im(Gˆjj′ ,ββ′). (10b)
where n(ω, T ) = [exp( ~ω
kBT
) − 1]−1 is the Bose-Einstein
energy distribution function of a quantum oscillator at
temperature T and we have introduced χˆj = αˆj +
k2αˆjGˆ
†
0αˆ
†
j . To obtain a convenient expression for the
net power dissipated in the ith particle which results in
it’s RCH, with the aim of classifying all the possible heat
flow that may occur, we can rewrite Eq. (9) using Eqs. (7)
and (10) in the form
Pi = Fi +
∑
j 6=i
Fi,j +
∑
jj′
Fbi,jj′ (11)
with
Fi = Im
∫ ∞
0
dω
π
ǫ0Tr[AˆiiIm(χˆi)Cˆ
†
ii]Θ(ω, Ti), (12a)
Fi,j = Im
∫ ∞
0
dω
π
ǫ0Tr[AˆijIm(χˆj)Cˆ
†
ij ]Θ(ω, Tj), (12b)
Fbi,jj′ = Im
∫ ∞
0
dω
π
(
k2
ǫ0
)Tr[BˆijIm(Gˆjj′ )Dˆ
†
ij′ ]Θ(ω, Tb), (12c)
and Θ(ω, T ) = ~ω[1 + 2n(ω, T )]/2. Fi is the radiative
cooling of a particle due to it’s radiation in presence of
other particles in the system, Fi,j 6=i is radiative heat-
ing of the ith particles due to the radiation of the jth
one, and finally Fbi,jj′ stands for the radiative heating of
the ith particles by the thermal bath. Since any radi-
ant energy can be reflected back and forth between the
particles several times, all terms in Eq. (11) depends on
these characteristics including geometrical arrangement,
orientations, and shapes. The calculations in Eqs. (12)
take into consideration these multiple scatterings which
is accounted for by the interaction matrixes and polar-
izability tensors. Moreover, since the absolute values of
temperatures are presented in the RCH of each particle,
it is expected that the thermal evolution of the parti-
cles depends on both the temperatures and temperature
differences in the system28.
At this point, we may introduce the HE between two
distinct particles (ith and jth) in the presence of several
scatterers in a system as
Hij = |Fi,j −Fj,i|. (13)
It can be shown that, regardless of temperatures, the net
heat flux is always from hotter to colder particle and it
vanishes if both particles are at the same temperature,
i.e, Ti = Tj. However, even in such a case, these par-
ticles might undergo different thermal evolution before
thermalizing by bath, because the dynamical behavior is
determined by Pi rather than Hij .
For isotropic spherical particles αˆi = αi1ˆ is a scalar
quantity, while in most cases like small isotropic non-
spherical particles (or different extensions, including
anisotropic spherical particles or anisotropic nonspher-
ical particles), it is not a scalar quantity. For special
case of small ellipsoidal nanoparticles, the polarizability
tensors are diagonal in the principal-axis system of each
particle, with diagonal elements given by
αˆ∗i,ββ = Vi
ε(ω)− 1
1 + Lβ[ε(ω)− 1]
, (β = x, y, z). (14)
Vi =
4
3πaibici is the volume of the ith ellipsoidal particle,
Lβ is the depolarization factor and ai, bi, ci are the
semi-axis of ellipsoid. Moreover, the radiative correction
to the polarizability tensor is29
αˆi = αˆ
∗
i
{
1ˆ− i
k3
6π
αˆ∗i
}−1
, (15)
As it is clear, elements of the polarizability tensor
strongly depend on nanoparticle’s characteristics, includ-
ing shape, size, and inclusion composition. The calcu-
lated RCH in Eq. (11) or HE in Eq. (13) make no refer-
ence to any basis and in general are basis independent.
So, the polarizability tensor of each particle can be calcu-
lated in its principal-axis system and then transformed to
an arbitrary reference basis. Under such transformation
we would expect that heat flows in the system depend
3FIG. 1. (Color online) Radiative cooling/heating of a
spheroidal nanoparticle of a × b × c in a thermal bath. The
particle temperature is T = 350K while for the thermal bath
Tb = 300K. The particle’s volume is kept constant at that of
sphere with radius R and the aspect ratio a/R is varied.
on the particles orientation. Furthermore, in the study
below we used SiC as a typical material and the corre-
sponding dielectric function is taken from reference30.
As a preliminary step we have considered the RCH
of a single ellipsoidal particle with T = 350K inside a
thermal bath which is maintained at temperature Tb =
300K. Here, as expected, due to the rotational invariance
of Eq. (11), the RCH would not depend on particle’s
orientation. The dependence of the RCH on topological
shape of the particle is shown in Fig. (1). The volume
of the particle is kept constant at that of a sphere with
radius R and the ratio a/R is varied. The calculated
RCH is normalized to that of spherical particle with the
same temperature.
In the case of spheroidal particle, i.e., of a rotational
ellipsoid with two equal semi-axes, b = c, the RCH en-
hanced when an anisotropy increased, such as growth of
nanodisk/nanorod, keeping the volume constant. This is
clear, since as the anisotropy increases (i.e., from spher-
ical to spheroidal) the threefold degenerate eigen modes
with the same contribution in the radiation cooling splits
into three eigen modes (one longitude and a twofold
degenerate transverse modes) having different eigenfre-
quencies and contributing with different weights in cool-
ing of the particle. Furthermore, the radiative heating
by the bath is proportional to the overlap of the bath
radiation spectra and the extinction/absorption cross-
section of the particle that would increase or decrease
depending on temperatures and the polarizability of the
particle. The competition between radiative cooling of
the particle and it’s heating by bath may be seen more
clearly as the anisotropy increases further, that is, go-
ing from spheroidal to ellipsoidal shape, (b 6= c). When
a/R . 0.2, the radiative heating of the ellipsoidal parti-
cle by the bath increased in comparison to the spheroid
particle which results in a small decrease in RCH of the
ellipsoidal particle.
FIG. 2. Schematic illustration of a heat transfer in a two body
system.
FIG. 3. (Color online) Heat exchange between to identical
spheroidal particles (separated d apart) with temperatures
T1 = 350 and T2 = 300, respectively. The temperature of the
thermal bath is Tb = 300 and the calculated heat exchanges
are normalized by the value in the system of paire spheres
with the same volume. Inset: heat transfer between particles
normalized to the the lowest possible energy exchange (in this
case ϕ = 90) for various distances.
Now, consider the energy exchange problem for
two anisotropic particles described by (r1, αˆ1, T1) and
(r2, αˆ2, T2), in a thermal bath at constant temperature
(Tb). In this case, each of the nanoparticles exchanges
heat with the other and the bath. There would be a net
heat flow in such a system as log as T1 6= T2 6= Tb which
can results in RCH of nanoparticles. We may again ap-
ply Eqs. (11) and (13) to calculate the RCH of particles
and the heat exchange between them. To evaluate these
quantities, the specific characteristics of the system must
be known. We shall work out an elementary problem
and then present the results for more complicated setups.
Consider, as an example, two identical prolate ellipsoidal
nanoparticles (with a/R = 2, b = c) which separated d
apart as shown in Fig. (2). The first particle is main-
tained at T1 = 350K and the second at T2 = 300K, while
the thermal bath has Tb = 300K. The calculated heat
exchange between the particles versus the orientation of
the first particle ϕ are plotted in Fig. (3) for various dis-
tances. The results are normalized to that of two spheres
with same volume and distance.
It is easy to see that the HE strongly enhanced in com-
parison with the spherical case and maximized for ϕ = 0.
4FIG. 4. (Color online) Normalized radiative cooling (RCH)
of a hotter particle in the system of to identical spheroidal
particles with T1 = 350K, T2 = 300K , and Tb = 300K. Inset:
The RCH of the first particle normalized to it’s minimal value
for each distance as a function of orientation ϕ.
Moreover, as d increased, the contribution of the far-field
interaction increased and as a result the HE increased
slightly. The beauty of the heat flow in this problem is
not only the enhancement but the tunability of the HE
between particles. It is interesting that one can amplify
the HE between two particles by changing their orien-
tation. This is shown in the infig of Fig. (3), where we
have represented the HE normalized to it’s minimal value
(i.e., H(ϕ = 90) in this configuration). Evidently, for
all distances the curves show amplification in the HE as
ϕ → 0. This amplification corresponds to the change in
the polarizability tensor of the first particle as it rotates.
Figure (4) shows the orientation dependence of power
dissipated in the first particle. Once again all curves are
normalized by the value for spheres with volumes equal
to the spheroidal volume. Similar to the HE, the RCH is
enhanced in comparison with the spherical pair of parti-
cles and is maximized in parallel configuration. At small
distances, the contribution of the radiative heating by
the bath and second particle decreased in comparison to
the isotropic particles which results in the increase of the
normalized RCH. For large distances, as expected, the
RCH losses it’s directional dependence and approaches
the RCH of a single particle in a bath. The inset of
Fig. (4) shows the RCH of the first particle normalized
to it’s minimal value in this configuration. One can see
the intensive dependence of the RCH on the orientation
of the particles as the distances decreases.
The calculation of the heat flow in two-body systems
may be extended to more complicated geometrical ar-
rangements and particle shapes. For our purposes we
give only the results of a few arrangements as shown in
Fig. (5). Once again, both particles are assumed to be
spheroidal with a = 4R and separated d = 2a apart.
In each case, the first particle rotates by angle ϕ while
the second one is fixed as shown in Fig. (5). The HE
FIG. 5. (Color online) Normalized heat exchange between two
spheroidal nanoparticles (a×b×b) as a function of the rotation
angle of first particle with parameters T1 = 350K, T2 = 300K,
a = 4R, and d = 2a. Inset: The heat exchange between two
spheroidal nanoparticles normalized by the minimal value in
each configuration.
is calculated and the results are normalized to that of
two spherical particles with same volume, distance and
thermal conditions. It can be seen that the extremums
of the HE occur when the principal-axes of the parti-
cles coincide such as “end-to-side” (ϕyy = 90, ϕyx = 0
or ϕyz = 0), “cross-like” (ϕyz = 90 or ϕyyp = 90),
“side-to-side” (ϕyx = 90 or ϕyyp = 0) and “end-to-end”
(ϕyy = 0) configurations. Among these, the maximum
HE enhancement occurs for “end-to-end” configuration
while the “end-to-side” configuration has the maximum
reduction. A more detailed description of the tunabil-
ity of HE between two spheroidal nanoparticles is rep-
resented in the inset of Fig. (5). In this figure, the HE
is normalized to the minimal HE in each configuration.
We see that the HE in “side-to-side” configuration is 1
to 2 orders of magnitude larger than the HE in “cross-
like” configuration. However, the HE can be increased
even further (∼ 3 order of magnitude) for “end-to-end”
configuration.
We have finally considered the radiative heat transfer
in three-body systems. For any geometrical configura-
tion, we can use Eq. (13) to calculate the interparticle
heat exchanges. In such a photon heat transistor, the
HE between two particles can be tuned by rotating the
third particle. To get an idea of the magnitude of this
effect, consider a three aligned spheroidal nanoparticles
labeled with indexes 1, 2 and 3 as shown in Fig. (6). The
third particle is located between the two other particles
with equal distances d31 = d32 = 2a. Furthermore, we
assume that T1 = 350K, T2 = 300K and a = 5b. The po-
sition and the orientation of the particles for which the
HE is calculated are fixed but the orientation of the third
particle is changed by angle ϕ about a given direction.
Here, the HE between particles 1 and 2 in a three-body
system is calculated and the results are normalized to
the HE in the absence of the third particle. It can be
seen that the HE between 1 and 2 depends not only on
5FIG. 6. (Color online) Normalized heat exchange between
two spheroidal nanoparticles (a = 5b , d12 = 4a) maintained
at T1 = 350K (left particle) and T2 = 300K (right particle)
with respect to the orientation of a third one, which is located
between the two other particles. The HE is normalized by the
HE for two-body system in the same thermal conditions.
the orientation of the third particle but on their relative
orientation.
In the case of “yyy” configuration, the HE drops an or-
der of magnitude as the third particle rotates about the x
(or z) axis to form an “end-to-side-to-end” configuration.
For “zyz” configuration, the HE is enhanced as the third
particle rotates about the x axis and is maximized for
“side-to-side-to-side” configuration while rotation about
the z axis plays a negligible role on the HE between 1 and
2. The situation is different in “zyy” configuration. The
orientation dependence is small for rotation of the third
particle about the z axis. Interestingly, this dependence
is very pronounced for rotation about the x axis. For
the Latter case, the HE can dramatically be increased by
several orders of magnitude at intermediate values of ϕ.
Finally, the HE is enhanced in “zyx” configuration oc-
curs by rotating the third particle by angle ϕ = 90 about
the x (or z) axis.
In summary, we go deeper into the theory of
many-body radiative heat transfer to address particle
anisotropy and thermal bath effects. The overall prob-
lem of radiative heat transfer is analyzed, including the
shape, orientation, and the geometrical arrangement of
the particles on their radiative cooling/heating and the
total energy that may exchange between them. It is
shown that in comparison with isotropic particles, the
heat exchange can be enhanced several orders of mag-
nitude for anisotropic particles. Moreover, the radiative
cooling/heating of the particles and interparticle heat ex-
changes can be tuned dramatically by orientation of the
particles in the system.
The author thanks P. B. Abdallah and M. Khorrami
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